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Abstract
A relation between the precanonical quantization of pure Yang-Mills fields and the
standard functional Schro¨dinger representation in the temporal gauge is discussed.
It is shown that the latter can be obtained from the former when the ultravio-
let parameter κ introduced in precanonical quantization goes to infinity. In this
limiting case, the Schro¨dinger wave functional can be expressed as the trace of
the Volterra product integral of Clifford-algebra-valued precanonical wave func-
tions restricted to a field configuration, and the canonical functional derivative
Schro¨dinger equation together with the quantum Gauß constraint can be derived
from the Dirac-like precanonical Schro¨dinger equation.
Key words: Quantum Yang-Mills theory, De Donder-Weyl formalism, precanon-
ical quantization, canonical quantization, functional Schro¨dinger representation,
Gauss constraint, Clifford algebra, Volterra product integral.
1 Introduction
The canonical quantization of YM field theory in the functional Schro¨dinger picture of
QFT [1–13] leads (in the temporal gauge Aa0(x) = 0) to the description of the corre-
sponding quantum field in terms of the Schro¨dinger wave functional Ψ([Aai (x)], t) which
satisfies the functional derivative Schro¨dinger equation
i~∂tΨ =
∫
dx
(
−~
2
2
δ
δAia(x)
δ
δAia(x)
+
1
4
Fa
ij(x)Fa
ij(x)
)
Ψ (1.1)
and the Gauß law constraint on the physical states(
∂i
δ
δAai (x)
+ gCabcA
b
i(x)
δ
δAci(x)
)
Ψ = 0 (1.2)
which picks the gauge invariant functionals Ψ.
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Precanonical quantization of YM fields proposed in [14,15] leads to the description in
terms of the Clifford-algebra-valued wave function Ψ(Aaµ, x
µ) which satisfies the partial
derivative precanonical Schro¨dinger equation
i~γµ∂µΨ =
(
1
2
~
2
κ
∂2
∂Aµa∂Aaµ
− 1
2
ig~CabcA
b
µA
c
νγ
ν ∂
∂Aaµ
)
Ψ =:
1
κ
ĤΨ (1.3)
and the constraint
pi(νµ)a Ψ = −i~κ
(
γµ
∂
∂Aaν
+ γν
∂
∂Aaµ
)
Ψ ≈ 0 , (1.4)
which is the quantum counterpart of the antisymmetry of the classical YM field strength
F aµν := ∂µA
a
ν − ∂νAaµ + gCabcAbµAcν . (1.5)
The notations and conventions used throughout this paper follow [14, 15].
In precanonical quantization [15–18], one introduces an ultraviolet parameter κ of
dimension of the inverse spatial volume. One of the appearances of this parameter is in
the representation of the differential form associated with an infinitesimal spatial volume
element dx as an element of the Clifford algebra of the corresponding n-dimensional
pseudo-Euclidean space-time R1,n−1 (our signature convention is +−−− ...)
dx := dx1 ∧ dx2 ∧ ... ∧ dxn−1 7→ 1
κ
γ0 . (1.6)
In what follows, we use the standard notation γ0 = β with β
2 = 1 and set ~ = 1 for
convenience.
In this paper, we show that the description of quantum YM fields in the functional
Schro¨dinger picture of QFT obtained from canonical quantization follows from the quan-
tum YM theory - obtained by precanonical quantization - in the singular limiting case
corresponding to the infinite value of the ultraviolet parameter κ introduced by pre-
canonical quantization.
From the point of view of standard QFT, at first glance, the claim that (1.3) may
have something to do with (1.1) sounds improbable at least. Nevertheless, in [20, 21],
improving an earlier consideration in [22], we have already shown that, in the case of
interacting scalar fields, the description of quantum fields in the functional Schro¨dinger
picture can be derived from the precanonical description in the limiting case correspond-
ing to the inversion of the map (1.6), i.e. when 1
κ
is infinitesimal. In this paper, we will
show that a similar relation exists between the functional Schro¨dinger equation and the
precanonical Schro¨dinger equation for quantum pure YM field. The insights from [20,21]
will be closely followed in the present consideration.
Intuitively, the relation between the Schro¨dinger wave functional and the precanoni-
cal wave function is based on the probabilistic interpretation of the former, as the prob-
ability amplitude of finding a field configuration A(x) at some moment of time t, and
the latter, as the probability amplitude of observing the field value A at the space-time
point x, that allows us to expect that the time dependent complex functional proba-
bility amplitude Ψ([A(x)], t) is a composition of space-time dependent Clifford-valued
probability amplitudes given by the precanonical wave function Ψ(A, x).
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Let us recall that precanonical quantization [16–19] is based on the De Donder-
Weyl (DW) Hamiltonian theory [23] which treats space-time variables on equal footing.
In this formulation, the Poisson brackets are defined on differential forms represent-
ing the dynamical variables, that leads to the Poisson-Gerstenhaber algebra structure
generalizing the Poisson algebra in the canonical Hamiltonian formalism [19, 24] (see
also [25–27]). The result of its quantization (a small Heisenberg-like subalgebra of it)
is that both the operators and wave functions are Clifford-algebra-valued, and the pre-
canonical Schro¨dinger equation includes the space-time Dirac operator instead of the
standard time derivative. One of the striking features of this formulation of quantized
fields is that, as a consequence of the evolution of precanonical wave function given
by the precanonical Schro¨dinger equation, it allows us to reproduce the classical field
equations as the equations of expectation values of operators defined by precanonical
quantization, thus generalizing the Ehrenfest theorem [15]. Moreover, by treating the
space-time variables on equal footing, the precanonical quantization approach provides
a very natural and promising framework for quantization of gravity [28, 29].
Other recent discussions of gauge fields and gravity from the point of view of classical
DW Hamiltonian theory and its geometrizations can be found in [30–36].
Most recently, the consideration of the eigenvalue problem for the DW Hamiltonian
operator Ĥ on the right-hand side of (1.3) has allowed us to estimate the non-vanishing
gap in the spectrum of quantum SU(2) pure YM theory on Rn obtained from the pre-
canonical quantization [37]. This paper, by establishing a connection of precanoni-
cal approach with the standard formulation of quantum YM theory in the functional
Schro¨dinger representation, can be viewed as an additional substantiation of the identi-
fication of the gap in the spectrum of precanonical DW Hamiltonian operator with the
mass gap in the energy spectrum of the canonical Hamiltonian operator.
2 From precanonical wave function to the Schro¨dinger wave functional
Our task is to investigate a connection between the functional Schro¨dinger representation
of quantum YM theory and precanonical quantization. In the case of interacting scalar
fields this connection was established in Refs. [20, 21] which refine an earlier treatment
in [22]. Similarly, our current treatment can be seen as an improvement of our earlier
discussion in [14] which was based on [22].
A possible existence of a relation between the functional Schro¨dinger picture and the
precanonical descripton implies that the Schro¨dinger wave functional Ψ([A(x)], t) can
be expressed as a functional of precanonical wave functions restricted to a specific field
configuration Σ: A = A(x) at time t:
Ψ([A(x)], t) = Ψ([ΨΣ(x, t), A(x)]) , (2.1)
where we have denoted the restriction of precanonical wave function Ψ(A, x) to Σ as
ΨΣ(x, t) := Ψ(A = A(x),x, t). Then the time derivative of Ψ is obtained by the chain
rule differentiation
i∂tΨ = Tr
∫
dx
{
δΨ
δΨTΣ(x, t)
i∂tΨΣ(x, t)
}
, (2.2)
3
where ΨT is the transpose matrix of Ψ. In what follows, for brevity, we will denote
ΨΣ(x, t) simply as ΨΣ(x) or even ΨΣ when appropriate.
The first and the second total variational derivatives of Ψ with respect to Aaµ(x)
(denoted as δ
δAaµ(x)
) take the form
δΨ
δAaµ(x)
=
δ¯Ψ
δ¯Aaµ(x)
+ Tr
{
δΨ
δΨTΣ(x)
∂AaµΨΣ(x)
}
, (2.3)
δ2Ψ
δAaµ(x)δA
aµ(x)
=
δ¯2Ψ
δ¯Aaν(x)δ¯A
aν(x)
+ Tr
{
δΨ
δΨTΣ(x)
δ(0)∂Aaµ∂AaµΨΣ(x)
}
+ TrTr
{
δ2Ψ
δΨTΣ(x)⊗ δΨTΣ(x)
∂AaµΨΣ(x)⊗ ∂AaµΨΣ(x)
}
(2.4)
+ 2Tr
{
δδ¯Ψ
δΨTΣ(x)δ¯A
aν(x)
∂AaνΨΣ(x)
}
,
where δ¯
δ¯Aaµ(x)
denotes the partial functional derivative with respect to Aaµ(x), ∂Aaµ is the
same as ∂
∂Aaµ
and δ(0) is the (n − 1)-dimensional delta-function at x = 0 which results
from the variational differentiation of the function ΨΣ(x) with respect to itself at the
same spatial point. Here and in what follows, when writing δ(0), we imply that a proper
regularization like the split point or a lattice one has been applied in order to make sense
of this singular expression. This is the regularization which is usually implied when the
second variational derivative is used in the functional Schro¨dinger equation in QFT.
The time derivative i∂tΨΣ(x, t) is determined by the restriction of precanonical Schro¨-
dinger equation (1.3) to Σ, which takes the form
i∂tΨΣ = −iαi
(
d
dxi
− ∂iAaµ(x)
∂
∂Aaµ
)
ΨΣ + β
1
κ
ĤΣΨΣ , (2.5)
where d
dxi
is the total derivative along Σ:
d
dxi
:= ∂i + ∂iA
a
µ(x)
∂
∂Aaµ
+ ∂iA
a
µ,k(x)
∂
∂Aaµ,k
+ ..., (2.6)
Aaµ,k denote the fiber coordinates of the first-jet bundle of the bundle of YM potentials
Aaµ over space-time (c.f. [41]) and ĤΣ is the restriction to Σ of the operator on the
right-hand side of (1.3):
1
κ
Ĥ =
1
2
κ
∂2
∂Aµa∂Aaµ
− 1
2
igCabcA
b
µA
c
νγ
ν ∂
∂Aaµ
, (2.7)
which is called the De Donder-Weyl Hamiltonian operator (of YM field) [14, 15]. As
Ĥ contains no spatial (horizontal) derivatives, its restriction ĤΣ = Ĥ . Similarly, the
restricted wave function ΨΣ(x) is also required to obey the restriction of the constraints
(1.4) to Σ:
pˆi(µν)a ΨΣ(x) ≈ 0⇔ (γµ∂Aaν + γν∂Aaµ)ΨΣ(x) ≈ 0 . (2.8)
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Let us note here the recent discussion of the classical counterpart of this constraint
in [33].
Now, by substituting (2.5) into (2.2) and using (2.7), we obtain
i∂tΨ =
∫
dx Tr
{ δΨ
δΨTΣ(x)
(
−iαi d
dxi︸ ︷︷ ︸
I
+ iαi∂iA
a
j (x)
∂
∂Aaj︸ ︷︷ ︸
II
+ iαi∂iA
a
0(x)
∂
∂Aa0︸ ︷︷ ︸
III
−1
2
κβ
∂
∂Aai
∂
∂Aai︸ ︷︷ ︸
IV
+
1
2
κβ
∂
∂Aa0
∂
∂Aa0︸ ︷︷ ︸
V
−1
2
igβCabcA
b
iA
c
jγ
j ∂
∂Aai︸ ︷︷ ︸
V I
−1
2
igβCabcA
b
iA
c
0γ
0 ∂
∂Aai︸ ︷︷ ︸
V II
−1
2
igβCabcA
b
0A
c
jγ
j ∂
∂Aa0︸ ︷︷ ︸
V III
)
ΨΣ(x)
}
. (2.9)
Let us see if this equation can reproduce the functional derivative Schro¨dinger equation
(1.1) in some sense.
Due to the constraint pˆi
(ij)
a ΨΣ ≈ 0 in (2.8) the term (II) takes the form
II : iαi∂[iA
a
j](x)
∂
∂Aaj
ΨΣ(x). (2.10)
By combining it with the term (V I), we obtain
i
2
βγiF aij∂AajΨΣ(x). (2.11)
Then, using the constraint pˆi
(i0)
a ΨΣ ≈ 0, we transform the latter to the form
II + VI :
i
2
γijF aij∂Aa0ΨΣ(x). (2.12)
Further, by comparing the terms (IV ) and (V ) in (2.9) with the expression for the
total second variational derivative of Ψ in (2.4), we conclude that the latter can be
reproduced if βκ is replaced by the (regularized value of the) (n− 1)-dimensional Dirac
delta function at equal spatial points δ(0):
βκ 7→ δ(0). (2.13)
In this case, using (2.4) the terms (IV ) and (V ) lead to
Tr
{
δΨ
δΨTΣ(x, t)
βκ ∂Aaµ∂AµaΨΣ(x)
}
7→ δ
2Ψ
δAµa(x)δAaµ(x)
− δ¯
2Ψ
δ¯Aaν(x)δ¯A
aν(x)
−TrTr
{
δ2Ψ
δΨTΣ(x)⊗ δΨTΣ(x)
∂AaµΨΣ(x)⊗ ∂AµaΨΣ(x)
}
(2.14)
−2Tr
{
δδ¯Ψ
δΨTΣ(x)δ¯A
aν(x)
∂AaνΨΣ(x)
}
.
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The meaning of the replacement (2.13) can be understood, e.g., with the lattice
regularization in mind, when the regularized value of δ(0) can be expressed in terms of
the lattice spacing a as a−n+1. Then one can write the regularized version of (2.13) also as
1
κ
β 7→ an−1. When a is infinitesimal, the right-hand side of the latter expression becomes
dx and thus the substitution (2.13) can be seen as the inverse of the quantization map
(1.6) underlying precanonical quantization. Moreover, the relation defining the delta
function:
∫
dx δ(x) = 1, can be interpreted as a definiton of the inverse of dx which is
represented by 1
κ
β under the precanonical quantization, eq. (1.6). Hence, the inverse
of dx, a regularized delta function localized at x = 0, is given by the inverse of 1
κ
β:
βκ 7→ δ(0), which is exactly the singular limiting map in (2.13). Since the map (1.6),
which replaces differential forms by the elements of Clifford algerba, is an essential part
of precanonical quantization, its inverse in (2.13), which will be shown to be a crucial
element of transition from the precanonical quantization to the functional Schro¨dinger
representation, can be seen as a partial dequantization.
The third term on the right-hand side of (2.14) can be shown to be vanishing - under
the replacement (2.13) - by the following argument. Let us notice that any new term
−U added to the pure Yang-Mills Lagrangian, which, e.g., may describe interactions
with other fields, adds a term +U to the DW Hamiltonian operator Ĥ in (1.3) (c.f. its
derivation in [14, 15]) and consequently, it will add the additional term
Tr
∫
dx
δΨ
δΨTΣ(x)
1
κ
βU(x)ΨΣ(x) (2.15)
on the right-hand side of (2.9). If the functional Schro¨dinger representation can be
deduced from the precanonical description, this term should correspond to the additional
term
∫
dxU(x)Ψ in the canonical Hamiltonian operator acting on the Schro¨dinger wave
functional in (1.1). Because the term U can be an arbitrary function of YM fields and
external fields, this correspondence can be only possible if Tr
{
δΨ
δΨT
Σ
(x)
1
κ
βΨΣ(x)
}
in (2.15)
reproduces Ψ for any x, i.e. it is required that
∀x : Tr
{
δΨ
δΨTΣ(x)
1
κ
βΨΣ(x)
}
7→ Ψ . (2.16)
Hence, the dependence of the functional Ψ on ΨΣ(x) is identical at all points x. This
observation suggests that the functional Ψ can be expressed in terms of a continuous
product over all points x of identical expressions including ΨΣ(x). In this case, however,
Tr
{
δΨ
δΨT
Σ
(x)
ΨΣ(x)
}
= δ(0)Ψ. Therefore, again, the map in (2.16) exists only when
1
κ
βδ(0) 7→ 1 which is equivalent to the substitution given by (2.13). Then, by acting by
δ
δΨΣ(x)
on both sides of (2.16), we conclude, similarly to eq. (3.15) in [21], that the third
term in (2.14) vanishes under the very same substitution (2.13):
TrTr
{
δ2Ψ
δΨTΣ(x)⊗ δΨTΣ(x)
∂AaµΨΣ(x)⊗ ∂AaµΨΣ(x)
}
7→ 0. (2.17)
Therefore, from (2.14) and (2.17) it follows that the terms (IV ) and (V ) in (2.9)
under the substitution (2.13) are mapped to the following expression in variational
6
derivatives of Ψ:
Tr
{
δΨ
δΨTΣ(x, t)
1
2
βκ ∂Aaµ∂AµaΨΣ(x)
}
7→ 1
2
δ2Ψ
δAµa(x)δAaµ(x)
− 1
2
δ¯2Ψ
δ¯Aaν(x)δ¯A
aν(x)
− Tr
{
δδ¯Ψ
δΨTΣ(x)δ¯A
aν(x)
∂AaνΨΣ(x)
}
.
(2.18)
Our next step is to consider the terms with ∂Aa
0
ΨΣ(x) in (2.9). Namely, (2.12) and
the last term in (2.18) corresponding to ν = 0. Their total contribution to the functional
derivative Schro¨dinger equation, which should not have explicit terms with ΨΣ, should
be zero. Therefore, from (2.12) and the temporal part of the last term in (2.18), which
is a part of the term (V) in (2.9), we obtain
i
2
δΨ
δΨTΣ(x)
γijF aij(x)−
δδ¯Ψ
δΨTΣ(x)δ¯A
a
0(x)
= 0. (2.19)
Introducing the notation
δΨ
δΨTΣ(x)
=: Φ(x) , (2.20)
where Φ(x) is an x-dependent Clifford-algebra-valued functional of ΨΣ(x) and A(x),
eq. (2.19) takes the form
i
2
Φ(x)γijF aij(x)−
δ¯Φ(x)
δ¯Aa0(x)
= 0. (2.21)
The solution Φ(x) can be written in the form which is implying the substitution (2.13)
again:
Φ(x) = Ξ[ΨΣ(x); xˇ]e
i
2κ
βγijAa
0
(x)F aij(x)
∣∣
βκ 7→δ(0)
, (2.22)
where Ξ[ΨΣ(x); xˇ] is a functional of ΨΣ(x) on the punctured space R
n−1\{x} (c.f.
eq. (3.21) in [21]) which plays here a role of the integration constant. Then the so-
lution of (2.20) takes the form (up to a normalization factor which will also include
κ)
Ψ ∼ Tr
{
Ξ[ΨΣ(x); xˇ]e
i
2κ
βγijAa
0
(x)F aij(x)
β
κ
ΨΣ(A
a
µ(x))
}∣∣
βκ 7→δ(0)
, (2.23)
where the multiplier β
κ
enters to the left from ΨΣ in order to compensate δ(0) which
will appear from the variation of Tr{Φ(x)ΨΣ(x)} with respect to ΨΣ(x). Note that the
solution in this form is consistent with (2.16) which was already established by means
of an independent reasoning.
Since the formula (2.23) should be valid for any x, we conclude that the wave func-
tional Ψ has the structure of a continuous product over x:
Ψ ∼ Tr
∏
x
{
e
i
2κ
βγijAa
0
(x)F aij(x)
β
κ
ΨΣ(A
a
µ(x))
}∣∣
βκ 7→δ(0)
. (2.24)
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This rather symbolic expression can be understood, up to a normalization factor, as the
multiple Volterra product integral over x [39] denoted as Px f(x)dx:
Ψ ∼ TrP
x
{
e
i
2κ
βγijAa
0
(x)F aij(x)
β
κ
ΨΣ(A
a
µ(x))
}∣∣
1
κ
β 7→dx
. (2.25)
Let us note here that the multiple product integral is very little known and explored,
while the one-dimensional product integral is well known under different names such
as the Peano series or “path (or time) ordered exponential” used in QFT (see also
[38]). A multidimensional generalization of the “path ordering” is discussed in [39]
and it is probably not unique. Nevertheless, the expression (2.25) already serves the
purpose of the paper as it shows that the description in terms of the Schro¨dinger wave
functional, which is known to require additional constructs, such as regularization, in
order to be usable within the existing QFT (see e.g. [5,6]), emerges from the well defined
precanonical description only in a limiting case when both the substitution 1
κ
β 7→ dx
and the multiple product integral itself have to be understood as the continuum limits
of certain discretized or otherwise regularized expressions, which also require additional
constructs in order to be mathematically correctly defined.
Next, after integrating by parts and using the constraint pˆi
(i0)
a ΨΣ ≈ 0, the term (III)
in (2.9) transforms to
III : iAa0(x) ∂iTr
(
Φ(x)∂AaiΨΣ(x)
)
. (2.26)
Using the constraint pi
(i0)
a ΨΣ ≈ 0 in (V III), the of sum (V II) and (V III) yields
VII + VIII : igCabcA
b
0(x)A
c
i(x)Tr
{
Φ(x)∂AaiΨΣ(x)
}
. (2.27)
Therefore, the terms (III), (V II) and (V III) together lead to
III + VII + VIII : iAb0(x)D
a
ibTr
{
Φ(x)∂AaiΨΣ(x)
}
, (2.28)
where D aib := δ
a
b∂i + gC
a
bcA
c
i(x) denotes the covariant derivative. By remembering
the expression of the first total variational derivative in (2.3), we see that the terms
(III), (V II) and (V III) in (2.9) yield
i
∫
dx Ab0(x)
(
δab∂i + gC
a
bcA
c
i(x)
)(
δΨ
δAai (x)
− δ¯Ψ
δ¯Aai (x)
)
, (2.29)
that resembles the standard appearance of the quantum Gauß constraint in the canonical
Hamiltonian operator of YM theory (see e.g. [40]).
Now, let us consider the total derivative in term (I) in (2.9). By integration by parts
and using the cyclic permutation under the trace, we obtain
−
∫
dx Tr
{
δΨ
δΨTΣ(x)
αi
d
dxi
ΨΣ(x)
}
=
∫
dx Tr
{
d
dxi
Φ(x)αiΨΣ(x)
}
. (2.30)
Using (2.22), on the right-hand side of (2.30) we have∫
dx Tr
{
Φ(x)
d
dxi
(
− i
2κ
βγklAa0(x)F
a
kl(x)
)
αiΨΣ(x)
} ∣∣∣
βκ 7→δ(0)
. (2.31)
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By the cyclicity of trace it equals to∫
dx Tr
{
ΨΣ(x)Φ(x)
d
dxi
(
− i
2κ
βγklAa0(x)F
a
kl(x)α
i
)} ∣∣∣
βκ 7→δ(0)
(2.32)
= Tr
{
β||Ψ||
∫
dx
d
dxi
(
− i
2
γklAa0(x)F
a
kl(x)γ
i
)} ∣∣∣
βκ 7→δ(0)
= 0 ,
where ||Ψ|| := 1
κ
βΨΣ(x)Φ(x) is the matrix-valued functional whose trace is Ψ (c.f.
(2.22), (2.23)), hence x-independent. The integral on the right-hand side of (2.32)
vanishes as its integrand is a total divergence. Therefore, we have shown that the term
(I) in (2.9) does not contribute to the functional derivative equation forΨ (again, under
the limiting map (2.13)):
I :
∫
dx Tr
{
δΨ
δΨTΣ(x)
αi
d
dxi
ΨΣ(x)
}
7→ 0. (2.33)
Our next step is to consider the ∂Aa
0
∂A0aΨΣ(x) term (V ) in (2.9). To this end, let us
recall that the behavior of ΨΣ(x) is determined by the precanonical Schro¨dinger equation
restricted to Σ, eq. (2.5). Our analysis above has shown that the total derivative term
in (2.5) has no contribution to the functional Schro¨dinger equation and that some other
terms in (2.9) play together to produce the Gauß constraint (c.f (2.29)). Hence the part
of the time evolution of ΨΣ(x) which is relevant for the time evolution of the Schro¨dinger
wave functionalΨ is controlled by the remaining terms inside the round brackets in (2.9)
(c.f. (2.12)):
i∂tΨΣ ≈ β
(
i
2
βγijF aij(x)∂Aa0 +
κ
2
∂Aa
0
Aa
0
− κ
2
∂Aai Aai
)
ΨΣ. (2.34)
This equation can be seen as the restriction of precanonical Schro¨dinger equation (1.3) to
Σ and the subspace of constraints given by (2.8) and the initial value (Gauß) constraint.
By writing the r.h.s. of (2.34) in the form of a “magnetic Schro¨dinger operator” with a
constant Clifford-valued “magnetic potential” in the space of temporal components Aa0,
i.e.
i∂tΨΣ = β
(
−1
2
(
i
√
κ∂Aa
0
− 1
2
√
κ
βγijF aij(x)
)2
− 1
4κ
F aij(x)F
aij(x)− κ
2
∂AaiAai
)
ΨΣ,
(2.35)
we conclude that the dependence of ΨΣ on A
a
0(x) can be absorbed in the phase factor:
ΨΣ(A
a
0(x), A
a
i (x), t) = (1 + β)e
−
i
2κ
βγijAa
0
(x)F aij(x)ΦΣ(A
a
i (x), t), (2.36)
where the projecting factor (1 + β) is present because of the identity β(1 + β) = 1 + β.
Then
1
2
βκ ∂Aa
0
Aa
0
ΨΣ(x) =
1
2
βκ
(−iβ
2κ
γijF aij
)2
ΨΣ(x) =
β
4κ
F aijF
ij
a ΨΣ(x), (2.37)
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where the identity (γijFij)
2 = −2FijF ij is used. Therefore, by taking into account
(2.16), the term (V ) in (2.9) under the limiting map (2.13) yields:
V : Tr
∫
dx
{
Φ(x)
1
2
βκ ∂Aa
0
Aa
0
ΨΣ(x)
}
7→ 1
4
FijF
ijΨ. (2.38)
Thus we see that the right hand side of (2.38) correctly reproduces the magnetic energy
term in (1.1).
Further, from (2.16) and (2.36) we obtain, up to a normalization factor,
∀x : Ψ ∼ Tr
{
Φ(x)
1
κ
(1 + β)e−
i
2κ
βγijAa
0
(x)F aij (x)ΦΣ(A
a
i (x), t)
} ∣∣∣
βκ 7→δ(0)
. (2.39)
By comparison with the form of Φ(x) obtained in (2.22), we conclude that the phase
factors with Aa0 in Φ(x) and ΨΣ(x) actually cancel each other at each point x, so that
∀x : Ψ ∼ Tr
{
Ξ(xˇ)
1
κ
(1 + β)ΦΣ(A
a
i (x), t)
} ∣∣∣
βκ 7→δ(0)
. (2.40)
This again suggests that (up to a normalization factor which may include κ) the func-
tional Ψ is expressed as the product integral of wave functions (1 + β)ΦΣ(x):
Ψ ∼ Tr P
x
{
(1 + β)ΦΣ(A
a
i (x), t)
}∣∣∣
β
κ
7→dx
. (2.41)
From this expression it is obvious that the partial variational derivatives ofΨ[ΦΣ(A
a
i (x), t)]
with respect to Aai (x) are actually vanishing:
δ¯Ψ
δ¯Aai (x)
= 0. (2.42)
Then the term (IV ) in (2.9) produces just the second variational derivative of Ψ (c.f.
(2.18)):
IV : −Tr
∫
dx
{
Φ(x)
1
2
βκ ∂AaiAaiΨΣ(x)
}
7→ −1
2
δ2Ψ
δAai (x)
2
, (2.43)
and the last term in (2.29) is vanishing, so that the terms (III), (V II) and (V III) ex-
actly reproduce the usual Gauß constraint term in the canonical Hamiltonian operator:
III + V II + V III : i
∫
dx Ab0(x)Di
a
b
δΨ
δAai (x)
. (2.44)
Summarizing the results of the above consideration of (2.9), we have shown that
• the terms (III), (V II) and (V III) together with the antisymmetry constraint
(2.8) reproduce the Gauß constraint term in the canonical Hamiltonian operator,
• the term (IV ) reproduces the second variational derivative term in the canonical
Hamiltonian operator in the limiting case βκ 7→ δ(0),
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• the terms (II), (V ) and (V I) together with the antisymmetry constraint (2.8) allow
us to obtain a product integral formula relating the Schro¨dinger wave functional
and the precanonical wave function, and to reproduce the correct magnetic con-
tribution 1
4
F aijF
ij
a to the Yang-Mills Hamiltonian operator in the temporal gauge,
1
• the term (I) does not contribute to the Hamiltonian operator (assuming the pre-
canonical wave function is vanishing at the spatial infinity).
By combining those results we conclude that, in the limiting case (2.13), we obtain
from the precanonical Schro¨dinger equation (1.3) and precanonical quantum constraints
(1.4) the following equation on the functional Ψ:
i∂tΨ =
∫
dx
(
−1
2
δ2
δAai (x)
2
+
1
4
Fij(x)F
ij(x) + iAa0(x)Di
b
a
δ
δAbi(x)
)
Ψ. (2.45)
The temporal components Aa0 appear here as the Lagrange multipliers which fix the
quantum version of the Gauß constraint (1.2). The rest of the equation is just the
canonical Schro¨dinger equation for quantum Yang-Mills field (1.1) which one usually
derives using the canonical quantization in the temporal gauge (see e.g. [8, 40]).
Thus, in the limiting case when βκ goes to (a regularized value of) δ(0) (i.e. essen-
tially to the UV cutoff of the momentum space volume), we have derived from the pre-
canonical Schro¨dinger equation (1.3) and the quantum antisymmetry constraints (1.4)
the canonical functional derivative Schro¨dinger equation (1.1) in the temporal gauge,
the Gauß constraint (1.2), and the explicit product integral formula (2.25) relating the
Schro¨dinger wave functional with the Clifford-valued precanonical wave function.
3 Conclusion
We have shown in our previous papers that the approach of precanonical quantization
leads to the description of quantum pure Yang-Mills theory in terms of the Clifford-
algebra-valued precanonical wave functions on the space of Yang-Mills field components
Aaµ and space-time coordinates x
µ. The precanonical wave function satisfies the ana-
logue of the Schro¨dinger equation defined on the aforementioned bundle, eq. (1.3),
which treats all space-time dimensions on equal footing. The expressions of precanoni-
cal quantum operators typically contain an ultraviolet parameter κ of the dimension of
an inverse spatial volume.
This description contrasts with the more familiar description of quantum YM fields in
terms of the Schro¨dinger wave functionals of field configurations Aaµ(x) at fixed moments
of time t which is derived from canonical quantization and implies a distinction between
the space variable x and the time variable t [8, 40].
In this paper, we investigated a connection between the description of quantum YM
theory based on precanonical quantization and the standard description in the functional
Schro¨dinger representation. We demonstrated that the latter can be derived from the
1Note that in our previous paper [14], where the temporal gauge was imposed by hand, we actually
obtained a wrong result 1
8
F 2 for the magnetic energy, see the erroneous transition from (4.17) and
(4.20) to eq. (4.21).
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former in the limiting case of an infinitesimal value of 1/κ when the Clifford algebra
element γ0/κ can be mapped to the differential form representing an infinitesimal volume
element dx. In this singular limiting case, we were able to derive both the standard
functional derivate Schro¨dinger equation for the quantum YM field and the Gauss law
constraint from the precanonical Schro¨dinger equation, and also to obtain an expression
of the Schro¨dinger wave functional of quantum YM theory in terms of a multiple product
integral of precanonical wave functions restricted to a field configuration Aaµ = A
a
µ(x).
Our results suggest that the standard functional Schro¨dinger representation of quan-
tum field theory of Yang-Mills fields appears from the precanonical formulation as a sin-
gular limiting case. While the former, in order to be a well-defined theory at least on the
physical level of rigour, is known to require an ad hoc regularization (e.g. a point split
in the second variational derivative in the functional derivative Schro¨dinger equation
(1.1)), which typically introduces a UV cutoff scale Λ as a necessary additional element
of the theory removed by a subsequent renormalization, the precanonical formulation is
“already regularized” by introducing the ultraviolet scale κ as an inherent element of
the precanonical quantization procedure.
One should notice that the introduction of the ultraviolet scale κ in precanonical
quantization does not introduce a grainy structure of space-time at ultra-small scales
or violate the relativistic space-time at the corresponding high energies. In the case
of quantum mechanics, which corresponds to one-dimensional space-time, κ is dimen-
sionless and the Clifford-algebra-valued precanonical wave function is complex valued,
hence a usual quantum mechanics is reproduced. The question still remains if κ is a
universal fundamental scale or it is an auxiliary element of precanonical quantization of
fields which should be removed from the physical results by a procedure similar to the
usual renormalization.
Quite unexpectedly, our recent estimations of the scale of κ based on the estimation
of the cosmological constant in precanonical quantum gravity [29] and the estimation of
the YM mass gap [37] have consistently pointed to the possible subnuclear scale of κ,
which contradicts a more plausible naive expectation that the scale of κ is Planckian.
The physical meaning of these results is still to be explored.
Acknowlegdements: I gratefully appreciate the hospitality of the School of Physics
and Astronomy of the University of St Andrews, Scotland, and 24/7 availability of its
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